In this paper, we investigate the existence of solutions for a coupled system of fractional compartmental models as differential inclusions with coupled nonlocal and integral boundary conditions, whose multivalued terms depend on lower-order fractional derivatives. By means of nonlinear alternative of Leray-Schauder type, continuous and measurable selection theorems together with Leray-Schauder degree theory, some sufficient conditions for the existence of solutions are presented, which extend some known results. Several examples are given to demonstrate the application of our main results.
Compartmental analysis initially developed from studies of the uptake and distribution of radioactive tracers, but today it plays a fundamental role in many parts of medicine, bioengineering and environmental science [-] . Compartmental models of pharmacokinetics were recently generalized using fractional calculus to extend the governing systems for the form of fractional-order differential equations with specified initial conditions [, ] .
In , Ivo Petráš and Richard L. Magin [] considered the two-compartmental pharmacokinetic model for oral drug administration as follows: denotes the amount of drug in a specific compartment, k i (i = , ) is the fractional rate of transfer to compartment. In their results, they assumed q  () = q  () =  if α  , α  ∈ (, ]. They pointed out a very effective numerical method for the solution of system (.)-(.), and the numerical solution is also created as a Matlab function. Let q  (t) ∈ F(t, q  (t), q  (t), c D γ q  (t)) and q  (t) ∈ G(t, q  (t), c D δ q  (t), q  (t)). We get the converted coupled system of nonlinear fractional differential inclusions: To the best of our knowledge, there are few people to study the coupled system of fractional differential inclusions for compartmental models. For the part of theoretical results, our basic tools are the theory of fractional calculus, the methods and results for differential inclusions, and several fixed point theorems for multifunctions due to [, ] .
(t) ∈ F(t, x(t), y(t), c D γ y(t)),  < α ≤ ,  < γ < , c D β y(t) ∈ G(t, x(t), c D δ x(t), y(t)
Next, we compare our theoretical results with the other literature in details as follows: 
is an incommensurate-order system []. (v) The coupled system for a single-valued map [] is a particular case of the corresponding multivalued map if we take F = {f }, G = {g} and f , g are continuous functions. (vi) We adopt the ideas of selection theorems to reduce the condition that the right-hand side has convex values. (vii) The mentioned methods are also useful for further investigations concerning the existence of solutions of a coupled system of fractional differential inclusions and other types. The structure of this paper is as follows. In Section , we introduce some notations, definitions of fractional calculus and multivalued maps, together with some basic lemmas to prove our main results. In Section , we will consider the sufficient conditions for the existence results. Finally, in Section , several examples are given to illustrate our main results.
Preliminaries
This section is devoted to presenting some notation and preliminary lemmas that will be used in the proofs of the main results [, ] .
Let (X, · ) be a normed space, and let Y be a subset of X. We denote 
is measurable; (vii) has a fixed point if there is x ∈ X such that x ∈ F(x). The fixed point set of the multivalued operator F will be denoted by Fix F.
provided that the right-hand side is pointwise defined on (, ∞) and (·) is the (Euler) gamma function defined by (q) =
where n = [q] + . It is assumed implicitly that f (·) is n times differentiable whose nth derivative is absolutely continuous.
has a unique solution
where c i ∈ R, i = , , , . . . , n -, n is the smallest integer greater than or equal to α.
In view of Lemma ., it follows that
for some c i ∈ R, i = , , , . . . , n -, n is the smallest integer greater than or equal to α. 
a.e. on t ∈ J and
where and σ i (i = , , , ) are defined in Lemma ..
() a contraction if it is γ -Lipschitz with γ < .
for all x ≤ l, y ≤ l, z ≤ l and for a.e. t ∈ J.
Carathéodory multivalued map and T be a linear continuous mapping from L  (J, X) to C(J, X). Then the operator
T • S F : C(J, X) → P cp,cv C(J, X) , y → (T • S F )(y) = T(S F , y)
is a closed graph operator in C(J, X) × C(J, X).
To prove our main results, we will use the following fixed point theorems.
Lemma . (Nonlinear alternative of Leray-Schauder type []) Let X be a Banach space, C be a closed convex subset of X, and U be an open subset of C with
there is x ∈ ∂U and λ ∈ (, ) such that x ∈ λF(x).
Lemma . (Covitz and Nadler
is a contraction, then F has a fixed point, i.e., a point z ∈ X such that z ∈ F(z).
Main results
In this section, we will give some existence results for the coupled system (.)-(.). Let C(J, R) denote the space of all continuous functions defined on J. Let X = {x : x ∈ C(J, R) and c D δ x ∈ C(J, R)} be a Banach space endowed with the norm
, and let Y = {y :
In view of Lemma ., we define operators
and
where
Then we define an operator N :
where N  , N  are defined as (.) and (.).
It is clear that if (x, y) ∈ X × Y is a fixed point of the operator N , then (x, y) is a solution of the coupled system (.)-(.).
For computational convenience, we introduce the notations:
The Carathéodory case
First we consider the case when F, G are convex valued. We give the following conditions:
continuous, nondecreasing such that
for x, y, z ∈ R and a.e. t ∈ J; (H) h, φ are continuous functionals with h() = φ() = , and there exist constants
Theorem . Assume that (H)-(H) are satisfied and there exists K
If, in addition,  < , where 
We will show that N satisfies the requirements of the nonlinear alternative of LeraySchauder type. The proof will be given in five steps.
Step . N(x, y) is convex valued.
Let  ≤ θ ≤ . Then, for any t ∈ J, we have
Since F and G are convex valued, we deduce that S F,(x,y) and S G,(x,y) are convex. Obviously,
Step . N maps bounded sets into bounded sets in
(x, y) and (x, y) ∈ B r . Then there exist f ∈ S F,(x,y) and g ∈ S G,(x,y) such that for any t ∈ J,
Based on assumptions (H), we find the following estimates:
Using these estimates, we get
In a similar manner, for any t ∈ J, we obtain
In consequence, we get
Hence, we obtain
Step . N maps bounded sets into equicontinuous sets in X × Y . Let B r be a bounded set of X × Y as in Step . Let  ≤ t  < t  ≤ T and (x, y) ∈ B r . For each (h  , h  ) ∈ N(x, y), then there exist f ∈ S F,(x,y) and g ∈ S G,(x,y) such that
Analogously, one can obtain
From the foregoing arguments, we infer that the operator N(x, y) is completely continuous by the Arzelá-Ascoli theorem.
Step . N has a closed graph.
. Now (h n , h n ) ∈ N(x n , y n ) implies that there exist f n ∈ S F,(x n ,y n ) and g n ∈ S G,(x n ,y n ) such that for all t ∈ J,
Let us consider the continuous linear operators  ,  :
it follows the existence of f * ∈ S F,(x * ,y * ) and g * ∈ S G,(x * ,y * ) such that
Step . A priori bounds on solutions. Let (x, y) ∈ λN(x, y) for some λ ∈ (, ). Then there exist f ∈ S F,(x,y) and g ∈ S G,(x,y) such that for all t ∈ J,
With the same arguments as in Step  of our proof, for each (x, y) ∈ X × Y , we obtain
Clearly, U is an open subset of X × Y and (, ) ∈ U . As a consequence of Steps -, together with the Arzelá-Ascoli theorem, we can conclude that N : U → P cp,cv (X) × P cp,cv (Y ) is upper semicontinuous and completely continuous. From the choice of U , there is no (x, y) ∈ ∂U such that (x, y) ∈ λN(x, y) for some λ ∈ (, ). Therefore, by Theorem ., we deduce that N has a fixed point (x, y) ∈ U , which is a solution of the coupled system (.)-(.). This completes the proof.
The lower semicontinuous case
Now we study the case when F, G are not necessarily convex valued.
In this result, we need to give the following conditions: Using the given data, we find that P  ≈ ., P  ≈ ., P  ≈ ., P  ≈ ., P  ≈ ., P  ≈ ., P  ≈ ., P  ≈ ., Q  ≈ ., Q  ≈ ., Q  ≈ ., Q  ≈ .,  ≈ .,  ≈ .,  ≈ . < .
t, x(t), y(t), c D γ y(t)) ∈ F(t, x(t), y(t), c D γ y(t)) and g(t, x(t), c D δ x(t), y(t)) ∈ G(t, x(t),
Furthermore, let K be any number satisfying
